We refute a recent claim that S-matrix in Discretized Light Cone Quantization does not have the correct continuum limit for processes with p + = 0 exchange in λφ 4 theory.
I. INTRODUCTION
In a recent work [1] problems associated with compactification near and on the light front have been investigated in detail in the context of perturbative scalar field theory. This work was motivated by the result of Hellerman and Polchinski [2] that certain divergences arise in the one loop scattering amplitude in scalar field theory at finite box length as one tried to approach the light front in a formalism of compactification near the light front. By means of detailed calculations in both continuum and discrete versions in three different approaches: (1) quantization on a space-like surface close to a light front; (2) infinite momentum frame calculations; and (3) quantization on the light front, Ref. [1] concluded that in DLCQ, contributions from "zero mode induced" interaction terms decouple in the continuum limit and covariant results are reproduced.
However, the claim of Ref. [1] regarding the continuum limit of DLCQ for processes with p + = 0 exchange has been challenged in a very recent work [3] . Authors of Ref. [3] agree with the conclusion of Ref. [1] that contributions from "zero mode induced" interaction terms in DLCQ decouple in the continuum limit but they claim that DLCQ yields vanishing forward scattering amplitude in the continuum limit whereas the correct result is finite. In this work we provide details of our simple, straightforward and unambiguous calculation and reconfirm our original claim. 
(2.1)
We have used overall energy conservation p
We are interested in the forward scattering amplitude, i.e., in | p and it is legitimate to expand the integrands. We get,
Thus in the forward scattering limit, we get,
Alternatively, we can write the scattering amplitude as
and calculate it explicitly:
In the forward scattering limit, one again finds the result (2.4).
B. Discretized formulation
In order to calculate the one-loop scattering amplitude in DLCQ perturbation theory for (4!) −1 φ 4 (1+1) model with periodic boundary conditions, we need to derive the light front Hamiltonian with O(λ 2 ) ZM effective interactions. However, since it was already shown [1] that contributions from zero mode induced effective interactions decouple in the continuum limit, we shall ignore these contributions here from the very beginning. The mode expansion for the normal mode field φ n (x − ) is
Here we have used the notation kx ≡ 
plus another term with 1 ↔ 3. In DLCQ, we have, ) is
Let us evaluate the scattering amplitude given in Eq. (2.11) in DLCQ. Note that the minimum value for n 1 , n 3 allowed is 1. Thus we start from n 1 = 2. In this case n 3 = 1 and DLCQ gives the answer -1 for the scattering amplitude for t = −1/2 which is obviously wrong. It is easy to check that for each n 1 , since maximum n 3 is n 1 − 1, corresponding minimum t is -
and for this particular t DLCQ always gives the answer −1 for the scattering amplitude which is wrong for finite n 1 but is correct for n 1 → ∞. Next maximum value of n 3 is n 1 − 2 and we denote the corresponding t byt = − 4 n 1 (n 1 −2) . In table I we present the behavior of M(t) with n 1 ast → 0. It is clear from Table I that DLCQ produces the correct answer which is −1 in our units, for the limit of forward scattering.
For a given n 1 , we increase n 1 by steps of 2 and study the behavior of M(t) as a function of t for small values of n 1 . The result is plotted in Fig. 2 . We can see that results for very small n 1 are affected by discretization errors but reliable results emerge already for n 1 =10. This is further confirmed by Fig. 3 where we present the results for n 1 =10, 20 and 30 and also present the continuum result given in Eq. (2.6) for comparison. In Fig. 4 we present the result for n 1 = 2000 and the continuum result. It is evident that DLCQ reproduces the continuum answer for the entire range of t including forward scattering limit t = 0.
III. SUMMARY AND CONCLUSIONS
It is instructive to see how the authors of Ref. [3] reached the conclusion that the DLCQ yields vanishing forward scattering amplitude. For non forward case, they claim the continuum limit is, | n 1 − n 3 |→ ∞. In fact, the continuum limit is n 1 , n 2 , n 3 , n 4 , L → ∞, with
fixed. From our expressions given in Sec. II, it is clear that one cannot directly put n 1 = n 3 before evaluating the expression because of the explicit factor
in front. Authors of Ref. [3] directly put n 1 = n 3 in their intermediate step and reach an expression for the scattering amplitude (see Eq. (11) in their paper) which is ill-defined (∞ × 0). They change variables in the ill-defined expression and claim that the forward scattering amplitude is zero in the continuum limit.
We have provided details of the straightforward calculations in the continuum and DLCQ versions of light front perturbation theory for the one loop scattering diagram in scalar field theory. We would like to emphasize that no diagram has been omitted in Ref. [1] or in the present work. We have shown that the continuum limit of DLCQ produces the correct covariant limit for processes with p + = 0 exchange. Thus we refute the recent claim [3] that S-matrix in Discretized Light Cone Quantization (DLCQ) does not have the correct continuum limit for processes with p + = 0 exchange. 3   3   3   3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3 3   3   3   3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3 3 Fig. 4 . M(t) versus Log(−t) for n 1 = 2000 compared with the continuum result.
